The aim of this paper is to find a formula for the double Laplace transform of the truncated variation of a Brownian motion with drift. In order to find the double Laplace transform, we also prove some identities for the Brownian motion with drift, which may be of independent interest.
Introduction
Let X = (X t ) t∈[a;b] be a real-valued stochastic process with càdlàg trajectories. In general, the total path variation of X, defined as c}. In fact, in [3] , it was proven that we have the equality 
and
Important result
In the case T 
It is unique in such a sense that if for every s ∈ [a; b] the opposite inequality holds:
. Moreover, for any s ∈ (a; b], the following equalities hold:
3. The Laplace transform of truncated variation process of Brownian motion with drift stopped at exponential time Let B t , t 0, be a standard Brownian motion, c > 0, µ ∈ R and W t = B t + µt be a standard Brownian motion with the drift µ. For typographical reasons, instead of W t we will sometimes write W (t). In this section we will calculate the double Laplace transform of the truncated variation process of W , that is, the Laplace transform of the process T V c (W, s) := T V c (W, [0; s]), s 0, stopped at (independent from W ) exponentially distributed time S.
The Laplace transform
We begin with some auxiliary observations. First let us notice that by Theorem 2.1, on the set 
Now let us define two sequences of stopping times (T
Notice that on the set {T
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and, for s 0, we define two quantities
Similarly, if T 
What will be important to us is the fact that the conditional distribution of
, is the same as the distribution of U c (W, s). This follows from the strong Markov property and the independence of the increments of a Brownian motion. Now let S be an exponential random variable, independent from W , with density νe −νx . By M T V c (W,S) (λ), we denote the moment generating function of T V c (W, S), that is,
We have the following equation:
By the lack of memory of the exponential distribution, the strong Markov property and the independence of the increments of a Brownian motion, we have
Using results of [8] , we will be able to calculate all quantities appearing in (16).
To calculate E[exp(λ · sup 0 t S W t ); S < T c D W ], we will use formulas appearing in [8, p. 236] . Denote τ (x) = inf{t 0 : sup 0 s t W s = x}. We have the equality (note that in the notation of [8] , S is denoted by ξ with parameter β = ν, T c D W is denoted by T and c is denoted by a)
where we define θ µ (ν) = µ 2 + 2ν coth(c µ 2 + 2ν) − µ and V µ (ν) = µ 2 + 2ν sinh(c µ 2 + 2ν) .
Thus, for λ such that (λ) < θ µ (ν),
Further, by the definition of T 
Now, utilizing the main result of [8] , that is, equation (1.1), we have
Similarly, using symmetry, for λ such that (λ) < θ −µ (ν),
Substituting the above formulas into (16) and simplifying, for λ such that (λ) < min{θ µ (ν), θ −µ (ν)}, we obtain
To obtain the formula for Using the formula just below formula (19) in [2] , with y = 0, we get
where (cf. [2, last but one formula on p. 389]) we have
Thus,
and similarly
Now, by (9), (17) and calculations above, we have
Thus, we have obtained the following result.
Theorem 3.1. Let W be a standard Wiener process with drift µ and S be an exponential random variable with density νe −νx I {x 0} , independent from W . For any complex λ such that
3.2. Examples of applications of formula (18) 3.2.1. The first two moments of the truncated variation process of the Brownian motion with drift stopped at exponential time. Differentiating formula (18), we obtain
which agrees with the relation
and formulas already obtained in [2] EU
Similarly, we calculate 
where we have used (22), the following formula (cf. [2, § 4.3]):
and the symmetric formula
Now we have
Thus, we can observe that the correlation between U T V c (W, S) and DT V c (W, S) is positive. This is due to the fact that the magnitudes of U T V c (W, S) and DT V c (W, S) are highly dependent on the value of S. 
